The Mutilated Chessboard Problem - checked by Mizar

Grzegorz Bancerek^�

Abstract The problem presented by John McCarthy during his lecture ”Heavy duty set theory”^1 has been resolved here. The final version of that article has been made with the commitment of Andrzej Trybulec.

Proofs have been written in Mizar language and were checked by PC Mizar system. In this paper only definitions and theorems are published apart from proofs (this is the so called ‘mizar abstract’). Then it has been automatically translated into English. The format of this article is exactly the same as in journal Formalized Mathematics.

MML Identifier: M BOARD.

The articles [10], [12], [2], [13], [14], [5], [4], [6], [11], [9], [8], [7], [3], and [1] provide the notation and terminology for this paper.

We follow a convention: x, z will be sets, i, j, k will be natural numbers, and u, v will be elements of [: N, N :].

One can prove the following proposition

(1) If (i mod k) + (j mod k) < k, then (i + j) mod k = (i mod k) + (j mod k).

Set Board = [: Seg 8, Seg 8 :] and MBoard = Board \ {[1, 1], [8, 8]}. Let x be an element of [: N, N :]. Then x1 and x2 are natural numbers.

Let x_1, x_2 be elements of [: N, N :]. We say that x_1 is adjacent to x_2 if and only if:

(Def.1) |(x_1)1 − (x_2)1| = 1 and (x_1)2 = (x_2)2 or |(x_1)2 − (x_2)2| = 1 and (x_1)1 = (x_2)1.

�Institute of Mathematics, Polish Academy of Science, Warsaw, e-mail:

bancerek@impan.gov.pl .

1In this Report see: The Mutilated Checkerboard in Set Theory by John McCarthy.

Let x be a set. We say that x is domino-on-board if and only if:

(Def.2) x ⊆ Board and x = 2 and for all elements x_1, x_2 of [: N, N :]

such that x_1 ≠ x_2 and x_1 ∈ x and x_2 ∈ x holds x_1 is adjacent to x_2.

Let z be a set. We say that z is partial-covering if and only if the conditions (Def.3) are satisfied.

(Def.3)(i) For every set x such that x ∈ z holds x is domino-on-board, and (ii) for all sets x, y such that x ∈ z and y ∈ z holds x = y or x ∩ y = ∅. Let z be an element of [: N, N :]. The functor color(z) yielding a natural number is defined by:

(Def.4) color(z) = (z1 + z2) mod 2.

The following three propositions are true:

(2) Let z be a set. Suppose z is partial-covering. Let x be a set.

Suppose x ∈ z. Then there exist elements x_1, x_2 of [: N, N :] such that x = {x_1, x_2} and color(x_1) = 0 and color(x_2) = 1.

(3) For every set z such that z is partial-covering holds {u : u ∈

S_{z ∧ color(u) = 0} ≈ {v : v ∈} S_{z ∧ color(v) = 1}.}

(4) It is not true that there exists a set z such that z is partialcovering and S z = MBoard .

References

[1] Grzegorz Bancerek. Cardinal numbers. Formalized Mathematics, 1(2):377–382, 1990.

[2] Grzegorz Bancerek. The fundamental properties of natural numbers. Formalized Mathematics, 1(1):41–46, 1990.

[3] Grzegorz Bancerek. Zermelo theorem and axiom of choice. Formalized Mathematics, 1(2):265–267, 1990.

[4] Grzegorz Bancerek and Krzysztof Hryniewiecki. Segments of natural numbers and finite sequences. Formalized Mathematics, 1(1):107–114, 1990.

[5] Czesław Byliński. Functions and their basic properties. Formalized Mathematics, 1(1):55–65, 1990.

[6] Agata Darmochwał. Finite sets. Formalized Mathematics, 1(1):165–167, 1990.

[7] Takaya Nishiyama and Yasuho Mizuhara. Binary arithmetics.

Formalized Mathematics, 4(1):83–86, 1993.

[8] Jan Popiołek. Some properties of functions modul and signum.

Formalized Mathematics, 1(2):263–264, 1990.

[9] Andrzej Trybulec. Domains and their Cartesian products. Formalized Mathematics, 1(1):115–122, 1990.

[10] Andrzej Trybulec. Tarski Grothendieck set theory. Formalized Mathematics, 1(1):9–11, 1990.

[11] Andrzej Trybulec. Tuples, projections and Cartesian products.

Formalized Mathematics, 1(1):97–105, 1990.

[12] Michał J. Trybulec. Integers. Formalized Mathematics, 1(3):501– 505, 1990.

[13] Zinaida Trybulec and Halina Świe‘czkow ska. Boolean properties of sets. Formalized Mathematics, 1(1):17–23, 1990.

[14] Edmund Woronowicz. Relations and their basic properties. Formalized Mathematics, 1(1):73–83, 1990.